INTRODUCTION
Undetected corrosion and cracks can lead to sudden and catastrophic failure of bridge structures. Steel bridges are especially vulnerable to corrosion, and there exist more than 130,000 steel bridges in the United States alone [1] .
There is currently substantial research in embedded sensor systems for "smart bridges" [2] . However these systems are more applicable to new bridges rather than existing and aging ones.
Instead, older bridges must be inspected periodically. Human inspection is not only time consuming, but can also be complicated by factors such as traffic, visual acuity, and accessibility. These factors may create variability in the ratings provided by human inspectors [3] . To address this problem, there is substantial research underway to develop robotic techniques for the inspection of bridge members [4] [5] Steel bridge members offer the potential of using mobile robots that can adhere to the members using magnetic forces and move along the members in order to inspect them. One approach that has been formulated is the Mag-Foot robot [6] [7] . The Mag-Foot robot uses permanent magnets to attach to and walk along ferromagnetic surfaces. One of the defining features of the MagFoot robot is its ability to detach its feet and then swing around small obstacles. This ability is valuable because some surfaces may have obstructions such as fasteners or areas where the magnetic attraction is weak. These would cause other types of robots such as those with wheels to have difficulty.
The swinging motion itself is challenging; the robot must swing from a starting configuration and land with zero velocity at a desired configuration. Swinging has been studied by Fukuda and his colleagues in several seminal works on the brachiation of monkeys [8] , and a variety of control methods for solving this "irregular ladder problem" have already been developed [9] [10] [11] . However, these prior works used a strong 
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Proceedings of the ASME 2009 Dynamic Systems and Control Conference DSCC2009 October 12-14, 2009, Hollywood, California, USA gripper mechanism and therefore did not have to consider the reaction forces induced by the swinging motions. In contrast, the Mag-Foot robot adheres to the surface using limited magnetic forces. If these forces are exceeded during a swinging motion, the robot will likely detach from the surface, leading to catastrophic failure.
The problem of dealing with large reaction forces is not new. For example, [12] studied minimizing reaction forces and torques of a manipulator mounted on a suspended platform. One interesting problem that is similar to this swinging problem is that of a manipulator mounted on a spacecraft. Large reaction forces will cause the spacecraft to move, and while jets can be used to counter these forces, minimizing the reaction forces will reduce fuel consumption [13] . In [12] and [13] they minimize reaction forces by exploiting the kinematic redundancy of their manipulator. This approach while valuable and effective cannot be applied to our problem due to the fact that we have an underactuated system (rather than a redundant one) that is subject to gravitational forces.
Therefore this paper will focus on the development and analysis of a new set of trajectories that will allow the Mag-Foot robot to solve the irregular ladder problem while satisfying the force constraints unique to this type of robot.
THE MAG FOOT ROBOT

Tilting Foot
With robots that use feet with embedded permanent magnets, detaching the foot in order to traverse obstacles can be difficult due to the fact that permanent magnets are always "on." One approach is to use an actuator at each magnetic foot that can be used to pull the magnet off the surface by acting perpendicular to the surface (Fig. 2, y direction) . In this case the detachment force F y would have to be greater than or equal to the magnetic attachment force F m . As a result, as the payload increases, so do the force requirements for the actuators. Another downside with this approach is that more actuators result in greater complexity and power consumption.
The tilting foot is designed to resolve this detachment problem. Consider a foot that has an edge so that it can rotate about point B (illustrated in Fig. 2 ) when a moment is applied. If r represents the distance from the center of the magnet to this edge, the maximum moment created by the magnetic attachment force about B is approximately F m r.
If a horizontal force F x is applied to the tip of the leg, point A, it will generate a moment F x h about point B on the surface. If this moment is greater than F m r, then the foot will begin to tilt:
Note that if the leg length h is much longer than r, x F is significantly smaller than the normal magnet force m F . As the foot rotates, tilting becomes even easier. This is due to the fact that an air gap is being created between the magnet and the steel surface.
The magnet force (F m ) decays with the squared distance:
, where d is the air gap. Since the detachment force F y (d) is equal to F m (d), the tilting of the foot has the net result of substantially reducing the required detachment force.
Robot Mechanism
The robot mechanism was designed for multiple gait modes. However, in this paper we will consider only the swinging mode. The basic mechanism consists of two tilting feet each connected to a leg. The leg joints are connected at a hip joint, and Fig. 3 illustrates the overall layout of the free ankle joints (A, C) and the hip (B) actuated by a DC Motor. Note how both tilting feet Easy to tilt in this direction.
FIGURE 2. THE FOOT DIMENSIONS AND THE TILTING FOOT CONCEPT.
are oriented so that they are pointing in the same direction. This configuration ensures that when a torque is applied between the legs (either pulling them together or pushing them apart), one foot is always planted and the other has a tendency to tilt. The swinging gait mode is illustrated in Fig. 4 . "Foot 1" is labeled in black while "Foot 2" is grayed out. First, a negative torque is used to tilt Foot 2 ( Fig. 4B ). Once the foot is tilted, ankle joint C is locked. Now that the magnetic force at Foot 2 has been reduced, a positive torque is used to pull Foot 1 off the surface (Fig.4C) . The foot is then swung around ( Fig.4D ) and the process is repeated.
Note that since both ankle joints are unactuated, these swinging dynamics are underactuated.
Failure Prevention
As Fig. 5 illustrates, swinging motions will result in reaction forces at the planted foot. These forces can cause the failure of the planted foot through detachment or tilting. Specifically, Eqs. 2-4 outline the criteria for preventing the failure of the planted foot. Recall that r represents the distance from the tilting edge to the center of the magnet, w represents the distance from the tilting edge to the rear edge of the foot, F m (d) represents the magnetic force as a function of the air gap d and h represents the height at which the forces are applied (see Fig. 2 
for illustration).
( )
Throughout any swinging motion, the constraints in Eqs. 2-4 must be satisfied to ensure that no failure occurs. Note that since h >> r, and w ~ 4r, equation 4 is the most restrictive. This is logical because the tilting foot was designed specifically to tilt when a small force is applied in the positive x direction.
SYSTEM MODEL
A simplified rigid body model was used to approximate the system. Since the mass of the system is concentrated near the hip joint (due to the motor) and the ankle (due to the locking mechanism), the model simply assumes that there are point masses at points A, B, and C (m A , m B , m C ). The masses of the links are small compared to these masses and were therefore approximated as massless links.
The hip angle, θ, and the ankle angle, φ, were used as the generalized independent coordinates, and the resulting dynamic equations are given by.
In Eq. 5 H represents the inertia matrix, C represents the Coriolis and centrifugal terms, and G represents the gravitational terms:
In addition, b θ and b φ represent the viscous damping at each joint. This dynamic model can also be used to calculate the reaction forces exerted on the planted foot by the system (F
Note that x and y represent the x and y components of the acceleration for the specified point. These can be computed using the angles θ and φ and their derivatives.
OPTIMIZATION PROBLEM
One approach is to examine trajectory generation as an optimization problem. In this case we desire to minimize the reaction forces induced by the swinging motion. Since the constraint in Eq. 4 is the most restrictive, we shall focus on ensuring that this constraint is not violated. It is important to emphasize that this constraint on 
The boundary conditions are listed in Eqs. 13 and 14.
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Note that the robot starts and ends with zero velocity. The landing velocity is especially important, because "hard landings" can damage the mechanism and the steel surface. Also it is important to note that the geometry and mass properties of the system impose a single starting configuration ( , i i θ φ ). Therefore while we solve the swinging problem for a variety of landing configurations we will use just one initial configuration.
Since the stated goal is to develop trajectories that minimize a certain cost function (Eq. 11), an obvious approach is to solve the problem using the well developed Optimal Control techniques. However, due to the dynamics of the system, the landing time t f cannot simply be imposed arbitrarily on the system. For example there could be no viable trajectory for a certain specified landing time. In most applications, the landing time, t f , does not have to be very specific, but must be within an acceptable range: f f f t t t ≤ ≤ . This is a type of "unspecified terminal time problem" which can be difficult to solve analytically [14] .
Solving the Optimal Control Problem
We can convert our cost function into the standard Bolza form using the technique outlined in [15] .
Using this property we can now formulate our cost function J in the traditional Bolza form.
where q is a large positive integer (we use q = 6). The Optimal Control Problem is solved numerically using the DIDO TM program which employs an adaptive spectral algorithm based on pseudospectral approximation theory [16] . The pseudo optimal trajectories produced by the program are shown in Fig. 6 . Several constraints are included to take into account factors that affect the real system. First, the actuator torque is bounded to match the torque capabilities of commercial DC Motors. In addition, constraints are added for the hip angle θ(t) to ensure that the foot properly detaches. A simple way to do this was to place a lower bound on θ(t).
PARAMETERIZATION
Since solving the optimal control problem is, in general, very time consuming, it is not a practical approach to generating trajectories. A more efficient methodology is desired. One possible solution is to parameterize trajectories over a smaller set of parameters. In this case, a cursory examination of the near optimal trajectories reveals that the θ(t) trajectories all have a similar shape that resembles a sigmoid function. Notice, however, that for the small landing angle (~200 f θ°) the trajectory tends to have an overshoot "bulge". Including these cases, the pseudooptimal trajectories can be approximated to two cascaded sigmoid functions as illustrated in Fig. 7 . Using the parameters shown in the figure, t 1 , t f , and δ 1 , we consider the parametric representation of θ trajectories given by [17] : Note that this leaves 3 parameters to be determined: t 1 , t f , and δ 1 .
We have a 2 nd order boundary value problem with 3 unknown parameters. Hence, the problem is indeterminate. A two step solution method can be applied. First, the 2 point boundary value problem is solved for each specified terminal time t f . After these solutions are generated, the trajectory that best minimizes max[ ( )] A x F t is then chosen from among the multiple solutions. Using the boundary conditions on θ(t) outlined in Eqs. 13 and 14 we were able to generate parameterized trajectories using the two step approach described above. The parametric trajectories that best minimized the reaction force F A x were chosen as our "parameterized trajectories". An illustration of these results is provided in Fig. 8 . F t , and the terminal time t f . This plot was generated by employing the two-step method described above and using it to generate a "parameterized trajectory" for each of a number of landing angles θ f . For each landing angle, the maximum reaction force, max[ ( )] A x F t , and the terminal time, t f , for the corresponding parameterized trajectory are provided. This plot can be utilized by a user trying to determine the best trajectory. For example if a user desires a certain landing angle, θ f , then he or she can first check what the peak reaction force would be. If the force is suitably low, the user can look up the value for t f , and use it to solve the 2 point BVP and generate the parameters t 1 , and δ 1 in a single step.
IMPLEMENTATION Robotic System
A proof of concept Mag-Foot robot prototype was used to study the swinging trajectories formulated in this paper. It is essentially a planar mechanism, but uses a 3 feet arrangement to resist moments about the y axis. As Fig. 1 illustrates, an inner foot lies between two outer feet which move together. The hip actuator is a HG-16-060-AB NiDec Copal DC Planetary Gearmotor (12V, 0.147 N-m stall torque, 1260 deg/s no load speed).
The locking action at the ankles for the swinging motions was provided by small solenoid actuators. In this design the solenoid rod acts as a sort of deadbolt to lock the foot in relation to the leg.
The deadbolt mechanism was designed so that rotation in one direction was allowed but rotations in the opposite direction are prevented. This means that the foot will not rotate during detachment but can rotate in the opposite direction in order to align itself with the surface (note this only works for a limited set of landing configurations, but it works for those discussed in this paper). The mass and geometric properties of the overall system are provided in Table 1 .
Control
A National Instruments CompactRIO programmable automatic controller was used in tandem with custom written LabView control software for the logic and control of the robotic device.
The real time control operated at a sampling rate of 2 kHz. In the trajectory generation discussed in the previous section, the hip joint angle, θ, was used as an independent variable that can be controlled at will. To track a desired theta trajectory, θ d (t), a high fidelity feedback control based on feedback linearization was implemented: 
Measurement
A 10 bit absolute magnetic shaft (US Digital, MAE3-A10-188-220-7-1) encoder was used to measure the hip angle. For measuring the ankle (Joint A) angle as well as force, a special instrumented foot was created. This foot was not designed for motion but instead to simply measure the dynamics and kinematics at the planted foot. The foot was equipped with a second magnetic shaft encoder (US Digital, MAE3-A10-188-220-7-1) to measure the ankle angle and a load cell (Transducer Technologies MLP-10) for measuring the reaction forces.
Experimental Setup
Since the focus of these experiments was to characterize the swinging motions, a tethered setup was used. Thin wires were used to connect the robotic device to a power supply and to the control system. Care was taken to minimize the effects of these wires on the swinging dynamics. The experiments were carried out on a horizontal steel surface constructed at the D'Arbeloff Laboratory at MIT. The experiments consisted of manually placing the robot in the configuration described by the initial conditions with the ankle locking mechanisms engaged. The robot was then given the "swing command" and attempted to track the pre computed parameterized trajectories.
Since the experiments were performed using the instrumented foot, only half the swing gait was performed. The swing gait was performed using the outer feet due to the fact that that landing is more difficult because both the feet must land properly (rather than simply one inner foot). A photograph of the experimental setup is provided in Fig. 10 .
One parameterized trajectory was chosen for detailed study and analysis. The landing angle of 258° was chosen because it was considered to be the most typical landing configurations (not too wide or narrow). It should be noted that the results were not entirely consistent. This was due in part to the fact that the initial conditions varied slightly with each trial. As a result, there were experiments where the device either landed too hard or failed to land at all. The results provided are intended to be a typical result. The results of these experiments are provided in Figs. 11-13.
EXPERIMENTS
The time profile of the hip joint angle (θ) in Fig. 11 demonstrates that the feedback linearization based on eqs. 18-20 allows the hip joint to follow the desired trajectory fairly well. Fig. 13 shows the reaction force during the foot swing experiment. Although noisy, the measured force agrees with the predicted force profile. Note that the reaction force is kept below the maximum allowable reaction force. Fig. 14 shows the reaction force using an arbitrary trajectory (rather than our paramterized one). Note how this trajectory violates our reaction force constraint. Also of interest is the hard landing. This is visible from the large spike in reaction force at t~0.4s and the resulting fluctuations due to vibrations in the structure. This illustrates how trajectories that are not properly selected can potentially lead to failure
DISCUSSION
The results are certainly promising. They illustrate that under certain conditions, the dynamics match the prediction well. Most importantly, the maximum reaction force is very close to the prediction of the model which means that it should not cause the planted foot to tilt or detach. Nevertheless, there exist discrepancies between the model predictions and the results. Possible sources include the interference caused by the wires and nonlinear effects in the DC motor. In addition, the initial conditions are a source of error.
There is obviously the concern of properly tracking the parameterized trajectory. If the pseudo input did not track properly, it is certainly expected that the overall system will deviate from the model predictions. This was observed experimentally as there were trajectories that did suffer from tracking problems. Therefore future experiments should include more sophisticated control schemes such as adaptive control.
Magnetic Encoder
And Load Cell
FIGURE 10. THE INSTRUMENTED FOOT AND THE MAG-FEET MECHANISM
CONCLUSIONS
This paper describes the development of implementation of a set of swinging trajectories designed specifically for the Mag-Foot robot. These trajectories were required because many trajectories can violate the unique constraints on the reaction forces. Specifically trajectories were designed to minimize the maximum x reaction force, F A x , at the planted foot. These trajectories were parameterized using sigmoids and were determined by solving the dynamic equations as a 2 point boundary value problem.
Finally, experiments were performed to evaluate the validity of this approach. A Mag-Foot prototype was used to track the parameterized trajectories, and an instrumented foot was used to provide both kinematic and force data. These experiments imply that this approach to generating trajectories is indeed viable for certain trajectories. Future work will focus on implementing more advanced controller designs in order to assure convergence.
